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SUMMARY

Fatiguedatafor76s-T61aluminumalloyarepresentedforseveral
combinationsofbendingandtorsionwithbothalternatingandmean
stresses.Specialfatigueequipmentforthesetestsisdescribed.
CorrectionforYieltingwasappliedtothemeanstressesinthebending
andinthetorsionfatiguetests.

.
Theliteratureontheeffectofcombinedstressandofmeanstress

infatigueisreviewedandtheresultsofthepresentseriesarecom-
* paredwiththoseofvarioustheories.A newnotationforstateof

stressanda newcriterionforcombinedstressfatiguearediscussed.
A newmodeofpresentationofcombinedstressresultsisdescribed.

A correctionforpossibleanisotropyisproposedanditseffecton
theselectionofa theoryforcombinedstressisdiscussed.Ehergy
theoriesoffatigueundercombinedstressarecriticallyexaminedanda
testproposed.

TheobservedmodeoffracturingIsdescribedanda qualitative
theoryofthemechanismofformationandpropagationoffatiguecracks
isproposed.Someoftheobservedfactsareinterpretedbymeansof
thistheory.

INTRODUCTION

Theproblemoffatiguefailureofmaterialsunderdifferentstates
ofcombinedstressisofimmediateimportanceinthedesignofmany
componentsofalltypesofmachineryendtransportationequipment.It
hasperhapsevengreaterimportanceasa keyproblem,thesolutionof

v“ whichwouldcontributegreatlytoa betterunderstandingofthephenome-
nonoffatiguefailureandhowtocontrolit. Thatis,fatiguetests

w undercombinedstressprovidedatabywhichvarioustheoriesoffatigue
failuremaybeevaluated.
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StatusofProblem

Combinedstress.-Theeffectofdifferentstatesofstressonthe -
fatiguestrengthofmetalshasbeenstudiedsporadicallysince1916.
Theproblemhasbeendifficultandverytimeconsumingbecauseofthe
largenumberoftestsinvolved,thedifficultyofdesigningsuitable
testingmachines,thedifficultyofdevisingaudmaintainingtesting
techniqueswhichdonotinfluencetheresults,andtheinherentscatter
inresultsoffatiguetests.

Mostofthefatiguetestsundercombinedstresswhichhavebeen
reportedinvolvedtestsinaxialload,bending,torsion,andvarious
combinationsoftwoofthesethree(references1 to18).Themost
extensiveofthesewerereportedbetween1935and1949byGoughfor
testsofsteelsandcastirons(references8,9,10,and18).A few
fatiguetestsoftubesundercombinedaxialloadandinternalpressure
havebeenreportedforcastiron(reference19),carbonsteel(refer-
ences19to22),andaluminumalloy(references23and24). Othertests
ofsteelshavebeenanalyzedinwhichcombinedstresseswereproduced
byaxialordiametralloadsondisks(reference25),bycircumferential
notchesonsolidandhollowshafts(reference25),andbybendingor
torsionofenginecrankshaftsandconnectingrods(reference26). Some <
investigatorshavedescribedmachinesforfatiguet,estsundercombined
stresseswithoutpresentingnewdata(references27to29)andothers *
havepresentedenalyseswhichtheycorrelatedwithexistingdata
(references30to 39).

Variousconclusionshavebeenreachedbythedifferentinvestiga-
torsconcerningtheapplicabilityofthewell-knowntheoriesoffailure
totheresultsoffatiguetestsundercombinedstress.Goughfoundfor
high-strengthcastironthattheresultsoftestsundercombinedbending
andtorsionagreedwiththetheoryof a limitingprincipalstressbut
thattest%ofothersteelsan~castironswereinapproximateagreement
withvarioustheories(reference8). Hefinallyconcludedthatnoneof
therationaltheoriesoffailureeitherdidorcouldexplainfatigue
failuresincetherelationshipbetweenthefatiguestrengthinbending
andthatintorsionwasnotthesamefor-allmaterialsasrequiredby
therationaltheories.HenceGoughproposedtwoempiricalelliptical
equations,theellipsequadrantforductilemetalsandtheellipsearc
forcastirons.TheseequatioqsavoidedtheMfficultybyincludingas
srbitraryconstantsthevaluesofthefatiguestrengthsinbendingand
intorsion.

Otherinvestigatorsofcombined-bending-and-torsionfatiguehave
reportedthefollowingconclusions:Narmorefoundthatthedatafroma
hardSAE4634steelfittedtheellipse-quadrantequationandwerenearests.”~<
tothetheoryofa limiti~totalstrainenergy(reference11).Nisihara
andKawamotobytestinganannealed0.34-percent-carbonsteelconcluded r
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thatthecriterionofa limitingenergyofdistortionbestrepresented. theirdataandthatthedirectionofthesurfaceoffracturewasperpen-
diculartothegreatestprincipalstress(reference13).Sauerintests

* of14S-Taluminumalloyconcludedthathisdatawereclosesttothe
theoryofa limitingprincipalshearingstress(reference16).

Maier’stestsoftubesofsteel,castiron,andbrassunderfluc-
tuatinginternalpressurewereinconclusivebutindicatedthata theory
ofa limitingprincipalstressmightapply(reference19).Morikawa
andGriffisconcludedfromtestsoftubesofmildsteelunderfluctuating
internalpressureandaxialload(reference21)thattheresultsdid
notseemtopermittheverificationorestablishmentofa theoryof
fatiguefailureundercombinedstresswhichwasappreciablydifferent
fromthemaximum-stresstheoryfortheductilemetaltested.Majors,
Mills,andMacGregorconcludedfromtestsoftubesofmildsteelunder
pulsatinginternalpressureandaxialloadthatthedistortion-ener~
theorywasthebestfittotheirdata(reference22). MarinandShelson
reportedsomuchanisotropyinthe24s-Taluminum-alloytubesthey
testedunderinternalpressurearidaxialloadthatcomparisonswith
existingtheorieswerenotpossible(reference23).

Sawert,testingdisksandnotchedbarsofmildsteelandheat-. treatedchrome-vanadimsteel(reference25),concludedthatthetest
resultsmostcloselyapproximatedthosepredictedbythetheoryofa
limitingenergofdistortion..

An examinationofmostofthereportsonfatiguetestsundercom-
binedbendingandtorsion(references8 to11,13,and16to18)inM-
catesthattheeffectofpo~sibleanisotropyinthematerialwasnot
considered.Ina discussionofGough’smostrecentpaperonthissub-
jectthepresentwritersuggestedthatanisotropymaybethereasonthat
theratio,offatiguestrengthinbendingtothatintorsionwasnotthe
sameforallmaterials(reference40).A procedurewasalsosuggested
forcorrectingforanisotropy.Whenthiscorrectionwasappliedtothe
theoryofa limitingprincipalshearingstresstheresultingexpression
wasfoundtobeidenticalwiththeempiricalequationproposedbyGough.
Thisproblemisdiscussedingreaterdetailina latersection.

ExaminationofthedatapresentedbyMorikawaandGriffis(refer-
ence21)indicatesforthecombinationsofstressemployedthatthe
principal-stressendshearing-stresstheoriesareidentical.Similarly
onefindsthatthedataofMajors,Mills,andMacGregor(reference22)
arenotconclusive.Theircomparisonbetweentheseveraltheoriessnd
theirdatawasbasedonthetacitassumptionthatthefatiguestrength
in
in

‘e’ lf

bendingwaspreciselydeterminedand-thatalluncertaintyorscatter
thedatalayintheresultsobtainedunderotherstatesofstress.
oneremovesthisrestrictionitisfoundthatthetheoryofa limiting

u
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principalsheeringstressfitsthedatabetterthantheothertheories .
consideredbytheauthorsasshowninfigurel(a).Infigure1 curveb’
istheshearing-stresstheoryrelocatedtogivethesameweighttothe
dataforallstatesofstresstested. Q

Eksminationofthedatareportedbysawer-t(reference25)indi-
catesthathehasalsoassumedthatthefatiguestrengthunderuniaxial
stressingwasexactandthatallscattermustbe inthedatafromthe
remainingstatesofstress.Againifallthedataareconsidered
equallytheyarefoundtofitthetheoryofa limitingprincipal
shearingstress(curveb’)aswellas,ifnotbetterthan,thetheory
ofa limitingdistortionenergyreportedbySawertasthebestfitto
thedata.(Seefigs.l(b)andl(c)).Thesignificance,if–any,ofthe
factthatthedatafora uniaxialstateofstressaretotheleftof
curveb’forallthreeinvestigationsshowninfigurel.hasnotbeen
determined.

Itshouldbenotedthattheseveralerrorsandomissionsinthe
diagramsappearinginSawert’soriginalpaperhavebeencorrectedin
figuresl(b)andl(c).Alsotheduplicateplottingofeachtestresult
whichSawertaccomplishedby interchangingcoordinateshasbeenelimi-
nated.WhileSawertdeterminedthatorientationofthegraincould
causea changeof15percentinthefatiguestrength,anisotropywas
apparentlynotconsideredintheanalysisofhiscombined-stressdata.

.

.

Gadd,Zmuda,andOchiltreeconcludedfromtheirtestsofengine
components(reference26)thattheresultsarebestpredictedbywhat
theycallanequivalentshear-energystress(proportionaltotheocta-
hedralshearingstress).However,theiranalysisa~earstobebased
onthemaximumspreadofthedata.

Ifstatisticalmeasuresofdispersionsreappliedtotheseven
testvaluesreportedbyGadd,ZmUda,andOchiltreeitisfoundthatthe
standarddeviationexpressedasa percentageofthemeanofthevalues
isslightlyinfavoroftheequivalent-shear-energystresswhilethe
averagedeviationfromthemeanexpressedasa percentageofthemean
isslightlyinthefavoroftheprincipal-shear-stresstheory.Alsoif
thevaluehavingthegreatestdeviationfromthemeaniseliminatedboth
measuresofdispersionintheremainingsixvaluesshowabout1 percent
dispersionfortheprincipalshearstresscomparedwith2 to3 percent
fortheequivalentshear-energystress.

Theaboveanalysissuggeststhatnoneoftheavailabletestdata
disagreewiththetheoryofa limitingprincipalshearingstress.

Mean stress.-Theeffectofmeanstress(oftenreferredtoasthe
effectofrangeofstress)hasbeeninvestigatedanddiscussedbymany. r~’
TheproblemwasreviewedbyPetersonin1937(reference41)andexisting
datainterpretedbySmithin1942(reference42). Someofthesubse- P
quentinvestigations(references43to52)werereviewedandSmith’s
interpretationfortensilemeanstresseswasbroughtuptodateby
Schwartzin1948(reference53).
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Variousempiricalrelationshavebeenproposed’todescribethe
observedeffectofmesnstressesinfatigue.Amongthesearethemodi-
fiedGoodmanlaw(reference54),theGerberparabola(references54
and55),theSoderberglinearrelation(references30to32),Smith’s
equationforbrittlemetals(reference42),andSeliger’spsremeter
(reference~).

Themostwidelyusedoftheseexpressionsfortensionorbending
areoftheform

‘a ‘m—+—= 1
‘r ‘cr

(1)

whereUa isthefatiguestrengthexpressedasthealternatingstress
fora givenmeanstress,urnisthemeanstress,Ur isthefatigue
strengthforcompletelyreversedstresses,and ucr iseithertheulti-
matestrengthortheyieldstrength.Equation(1)hasbeenmodifiedby
somebyintroducinga constantbeforeeitherthefirstorsecondterm.

.
FortorsionfatigueSmithobservedthatthefatiguestrengthwas

nearlyindependentofthemeanstress(reference42).*

ScopeandPurposeofInvestigation

Thepresentinvestigationwasundertakentodetermine:(a)The
effectofthedifferentstatesofstressproducedbydifferentcombi-
nationsofbendingendtorsiononthefatiguestrengthofenaluminum
alloy(76s-T61)whichwasusedforaircraftpropellersand(b)theeffect‘
ofdifferentvaluesofmeanstressonthe
alloyunderthesanestatesofstress.

Atthetimethesetestswerestarted
ofaluminumalloysundercombinedbending
thewriter(althoughitisnowknownthat
(reference14)hadjustbeenmblishedin

fatiguestrengthofthesame

inAugust1942fatiguetests
andtorsionwereunknownto
testsbyNisiharaandKawamoto
Japan)andnotestshadbeen

reportedforconbin~-stressfatiguetests&th differentvaluesofmean
stresssuperimposedonthealternatingstresses.RecentlyGoughpub-
llshedresultsofsuchtestsonsteels(reference18),butasfarasis
knownthetestsreportedhereinarethefirsttobereportedforan
aluminumalloyundercombinedbendingandtorsionwithsuperimposedmean
stresses.
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TEIW!INOIOGYANDSYMBOLS

Fora discussionoftermsnotgivenhereand
fatiguetestingseereference57.

.StateofStress

Thestateofstressata pointina stressed

anintroductionto

bodymaybedescribed
intermsofninecomponentsof-stressacting-onthree-pl&espassing
throughthepointsolongastheplanesdonotallintersectinthe
sameline.Eachofthesestresscomponentsmustbedescribedinterms
ofitsmagnitude,sense,anddirection.Thus27quantitiesarerequired
forthegeneraldescriptionofthestateofstress.Thecomplexityof
thedescriptionmaybereducedbyselectingorthogonalplanesandfurther
reducedbyselectingthepl~esofreferencesothatthestressesare
principalstresses.

Sinceforpurposesofanalysisitishighlydesirabletobeableto
expresstheconceptofthestateofstressbya singlequantityitIs
proposedthata quantitytobe calledthestate-of-stressvectorbe
employed.Thestate-of-stressvectoristhevectorsumofthethree
principalstressesal> 02> a3 ata point.(Seefig.2,) Therela-
tionbetweenthestate-of-stressvector~ andtheprincipalstresses
maybedescribedbythe
where

magnitudeofthestat=-of-stressvectorS,

s=- “- (2)
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andthedirectioncosines2, m,and n oftheanglesa, 13,and 7.
betweenthestate-of-stressvectorandthethreeprincipalstressexes
(seefig,2)are

.

al
1 =cosa=—

s

02
m =cosp=~

1

(3)

CJ3
n= Cosy=y

J
Thelimitationsimposedbytherequirementsthata tensileprinci-

palstressisa positivevector,a compressiveprincipalstressisa
negativevector,andthethreeprincipalstressesarerelatedtoeach
otherby al> ff2> cT3causeallpossiblestate-of-stressvectorsto
beconfinedwithinthesemi-infinitewedgeshowninfigure3. Theedge-. ofthiswedgeis,alongtheline al= c12. us anditsplanesare
definedbytheedgelineendthepositiveal-axisonthebacksideof.(
thewedgeandbytheedgelineandthenegativea3-axisonthefront
side.

Combined-bending-and-torsiontestspermitstate-of-stressvectors
lyinginanareawithin”thewedgeillustratedinfigure,h(a),andcom-
binedaxialloadandinternalpressureintubespermitstate-of-stress
vectorslyingwithintheareasillustratedinfigurek(b).Iftheaxial
stressistension,thestate-of-stressvectorliesinthehorizontal
area,ifcompression,intheverticalarea,offigureh(b).

FatigueStrength

Thefatiguestrengthisdefinedinthisreportasthelargest
alternatingstresssmplitudeforwhichthespecimenwouldwithstmda --
givennumberofstresscyclepata givenmeanstresswithoutfracture.

A cycleofstressina fatiguetestisillustratedinfigure5
togetherwiththemeaningofthetermsalternatingstress”ampl.itude,
meanstress,maximumstress,andminimumstress.

d



8 NAc!ATN2924

a

‘r

acr

ae

a1>u2>a3

E

s

a,p,y

l,m,n

e

T

To

b

t

M

Me

8

Syuibols

bendingstressatpointofhigheststressinspecimens

fatiguestrengthforcompletelyreversedstresses

ultimateoryieldstr~gth

stressatproportionallimit

principalstresses

state-of-stressvector

magnitudeofstate-of-stressvector(seeequation(2))

anglesbetweenstate-of-stressvectorandthree
principalstressaxes

directioncosinesof a, ~,and y,respectively

anglebetweenaxisofspecimenandline
ofloadingonmomentarmandmidpoint
descriptionoftestingmachine(6= O
only;e = 90° fortwistingonly)

shearstressatpointofhigheststress

octahedralshearstress

joiningpoint
ofspecimen;see
forbending

inspecimens

fatigue

fatigue

applied

bending
limit

strengthinbending

strengthintorsion

bendingmoment

momentwhenmaximumstrainisatproportional

slopeofdimensionlessstress-straincurveabove
proportionallimitformat&rialinwhichstress-
strafndiagramaboveproportionallimitisenother
straightline

normalstrain .
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P

E

Subscripts

1

a

m

normalstrainatproportionallimit

torque

totalstrainenergy

strainenergyofdistortion

Poisson’sratio

Young’smodulus

principalorparticularvalueofquantity

alternatingcomponent

meancomponent

FATIGUEMACHINEFORCOMBINEDBENDINGANDTORSION

OneofthefiveKrousefatiguemachinesoftheconstant-smplitude-
of-deflectiontypeusedinthisprogramisshowninfigure6(a).A
specialfixturewasdesignedtopermitthismachinetobeusedfor
bendingortorsionora combinationofbendingandtorsion.Theappa-
ratuswasa revisionofthatpreviouslyconstructedfortestsofplastics
(reference45). Itconsistedofa plateA whichwasfastenedinthe
gripofthetestingmachine.OneendofthespecimenB wasfastened
tothisplateinthedesiredpositionbymesnsoftappedholesinthe
plate.Thepositionofattachmentdependeduponwhetherthespecimen
wastobesubjectedtobending,torsion,orsomecombinationofthetwo.

Theotherendofthespecimenwasfastenedbya singlebolttOa
leverC,theotherendofwhichwasdeflectedupanddownbya connecting
rodD drivenbyanadjustablecrankE. Adjustmentofthecrankprovided
meansforvaryingtheamplitudeofthestress.Thegripwasadjustable
verticallyina slideF topermitselectionofsnydesiredmesnstress.
A dialGwasmountedona stiffarmattachedtoslideF soastoindi-
catethedeflectionoftheleverC. A switchHwas providedtostop
themachinewhenthespecimenfracturedintotwopiecesanda counter
wasprovidedtoindicatethenumberofcycles.

Thearrangementforloadingthespecimenandthebending-snd
twisting-momentarmsareillustrateddiagrammaticallyinfigure6(b).
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Whentheanglee wasat90°themidpointofthespecimenwassubjected
.

toa twistingcouple,nobendingmoment,anda“smallverticalshear
force,(thestressesproducedbythelatterarenegligibleforthe L
dimensionsemployed).Oneithersideofthemidpointthereisa bending
momentwhichincreaseslinearlyfrom”ze~~

WhentheangleG waszerothemidpointofthespecimenhada
bendingmoment,notwistingmoment,anda negligibleverticalshear
force.Atothervaluesof e combinationsofbendingsndtwisting
momentswereproduced.

‘mm PROCEDURE

FatigueTests

Afterthespecimenhadbeenmountedinthemachinewiththecorrect
angle.9smallloadswereappliedinincrementsatthewristpin(with
theconnectinroddet~ched).Theresultingdeflectionwasnotedon
dialG(fig.~(a))anda diagramoftheloadagainstdeflectionwas
plotted.Theseloadswerekeptwithintheelasticlimitofthematerial -
toavoidyielding.

.
Fromtheslopeoftheload-deflectionlinethedeflectionrequired

toproducethedesiredmaximumandminimumstressofthefatiguecycle
wasdetermined.Ifthedesiredmeximumstresswasabovetheproportional
limittheresultingmaximumstress,minimumstress,andcorresponding
loadswouldallbedifferentfromthenominalvaluescalculatedandused
inobtainingtheS-Ndiagrams.Thecorrectionofstressesfortheeffect
ofyieldingisdiscussedintheappendix.

Inadjustingthetestingmachinethedesiredamplitudewasfirst
providedwhilethemeanstresswaszero.ThentheslideF wasrais@i
withthecr~k intheUpperpositionuntilthedesiredminimumstress
wasreached.Themachinewasthenstez%ed’fromthispositionsothat
yielding,ifitoccurred,alwaystookplaceunderashighsrateof
strainingaspossible.

Static.Tests

StatictensiontestswereperformedbyDolanonspecimens1/2inch I
indiameterwithanAmslertestingmachineasdescribedinreference44,
Compressiontestswereperformedonspecimens1/2inchipdiameterand
2 incheslongonabeam-weighingtestingmachineusingthesameappa-

.

rahs ad technique’describedinotherpapersbythepresentauthoron
w
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testsofplastics(references45snd49).Torsiontestsofspecimens
havinga l-inchgagelengthanda diameterapproximatelythesameas

. thatofthefatiguespecimensweremadebymeansofapparatusandtech-
niquedescribedinreferences45and49.

Testswerealsoperformed(onspecimensoftheshapeusedfor
fatiguetests)inwhichstatictwistingmomentswereappliedwell
beyondtheproportionallimittothegreatestmomentusedinthe
fatiguetests.Thenthespecimenwasgraduallyunloadedandloadedin
thereversedirection.Intheseteststhespecimenwasfastenedina
fatiguemachine,a dialwasarrangedtomeasurethedeflection,a spring
dynamometerwasusedtoweightheload,sndthespecimenwasdeflected
bymeansofa screw.Readingsofloadanddeflectionwererecorded.

MATERIALTESI’ED

Thematerialtestedwasoriginallydesignatedti8butnowcarries
thenumbers76S-T61fromtheAluminumCo.ofAmerica.Thematerial,

. whichisusedprimarilyforforgingairplanepropellers,wassupplied
bytheHamiltonStandardDivisionofUnitedAircraftCorp.inswaged
bsrs1 inchindisneterby 12incheslong.Additionalinformationon

. thismaterialiscontainedinreportsbyhlan (references44and46).
Thematerialtestedinthisprogramisofthesameheatandlotof
alloyasthattestedbyDolan.Infact,manyofthespecimenswerepre-
paredfromtheremainingportionofthelongfatiguespecimensemployed
byhim.

Specimensforthetension,compression,torsion,andfatiguetests
weremachinedfromroundbarstothedimensionsshowninfigure7. A
procedurewasusedforthefatiguespecimenswhichminimizedvibratory
stressesresultingfromthemachining.Thelargeradiuswasformedby
swingingthecompoundofthelathe.

Polishingthecriticalsectionofthespecimenswasaccomplished
bymountingthembetweencentersandrotatingthemabout700rpmwhile
polishingthesurfacewithpolishingpaperwrappedarounda 3/4-inch
bardriventhrougha flexibleshaftat1750rpm.Behr-Manningpolishing

?
paersofthefollowinggritswereusedinsuccession:1/0,2/0,and
3 0. Oilwasusedinallthepolishingandtheangleofthepolishing.
barwasalteredbetweengradesofpaper.Polishingwitheachgrade
continueduntilscratchesfromthepreviousoperationwereremoved.
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PREK!ISIONOFTESTS
.

Eachspecimenwascalibratedasitsowndynamometertodetermine
thedeflectionsrequiredforthedesiredstresses.Whilethesamedial
wasusedforbothcalibrationandadjustment,theaccuracyofthedials
probablywasnogreaterthan*2percentfw sometests.

Anattemptwasmadetomaintaina uniformtesting-procedure.How-
ever,thefactthatfiveoperatorsconductedthetestsovera 3-year
periodprecludedtheattainmentofcompleteuniformity.Allcalcula-
tionshavebeendouble-checkedbydifferentpeopleandallresultswhich
deviatedfromthegeneraltrendhavereceivedspecialattention.

RESULTS

FatigueData

Infi&res8 toISareshowntheS-Ndiagramsforbending,four
coxibinationsofbendingandtorsion,andtorsion.S-Ndiagramsare .
shownforseveralvaluesofmeanstressinbending(fig.8)}intorsion
(fig.13),andinoneoftheconibinationsofbendingandtorsion(fig.10). .
Thesediagramshavelogarithmiccoordinatesenda verticalscalemodulus
sixtimesthehorizontalforalldiagrams.

Thecurvesforalldiagramsweredrawnonseparatesheetsbyinspec-
tionleforebeingcombinedasshowninfigures8,10,and13. Thecurves
shownrepresenttheaveragerelationshipbetweenthelogarithmofthe
alternatingstressandthelogarithmofthenuniberofcycles.

Thetordinatesinfigures9 to12representonlyone ofthetwo
componentsofstress(flexUralandtorsional)“appliedtothespecimens.
Theothercomponent~ybe obtain~bymultiplyingordividingthegiven
componentbytheconstantgiveninthecaptionsincetheproportionof
bendingtotorsionwasthesameinalltestsofa series.Thatis,the
stateofstresswasconst~tforalltestsofa seriesandalsoconstant
atallpointsinthestresscyclefora givenseriesoftests.

ItwillbeobservedthatasthemeanstressincreasedtheS-Ndia-
gramsshoweda greatertendencytowe,rdanendurancelimitlikethatof
ferrousmetalsandsomeplastics.Thistrendwasobservedintestsin
bending(fig.8)andcombinedbendingandtorsion(fig.10)butwasnot
apparentintorsion(rig.13). .

ItalsoappearedthatthereWaS greater scatterintheresultsof
thetorsiontests(fig.13)thaninthoseoftheotherstatesofstress. ~
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Infigure8 arealsoplotteddatareportedearlierbyDolanfrom
bendingtestsofthesamematerialusinga specimenwitha larger
radius(reference44).Theagreementissatisfactory.

Fatiguetestsintorsionareshowninfi~re13fortw-odifferent
typesofmachines:TheH.F.Mooretorsionmachineandthemachine
describedabove.InitiallyitwasplannedtousetheMooremachinefor
alltorsiontests,buttheplanwaschangedbecauseofthescatterof
dataandbecauseitwasobservedthatunpredictablestaticbending
stressescouldnotbeavoidedinclampingthespecimenintheMoore
machine.However,theresultsshowthattheamountofscatterfromthe
twomachineswascomparableandtheresultsareinreasonableagreement,
asshowninfigure13. TheresultsobtainedfromtheMooremachine
werenotconsideredindrawingthecurvesinfigure13norinthe
analysiswhichfollowsinthenextsection.

FatigueFractures

Fracturesoffatiguespecimensrepresentingvariousloadingcondi- —
tionsareillustratedinfigure14. Theentiregroupoffracturedspeci-

. menswasassembledinanorderlysequenceaccordingtostressamplitude,
meanstress,andstateofstressforexamination.Itwasobservedthat
therewerefromonetothreelongcrackslengthwiseofthespecimenin

. thetorsionspecimenshavinghigheststressamplitudes.Someo“fthese’..
crackswere.asdeepasthecenterofthespecimen.Thefinalfractves~ .
however,occurred.astransversecracks.Asthestressamplitude
decreasedtheextentofthelongitudinalcrackingdecreasedand.atthe .
lowerstressamplitudesthefinalfractureschangedtoa spiralor
stairsteppattern.

Examinationoftorsionspecimenshavingmeanstressesgreaterthan
zeroshowedthatthetransitionfroma finalfractureofthetransverse
typetothespiraltypeoccurredathigherstresses(from17,000to
25,000psi)ands~llernumbersofcycles(from23x 106to77x 103)
asthemeanstressincreasedfromO to45,000psi.

Aftercrackshadformedinthefatiguetests,a blackpowder
exudedfromthecracks(especiallyintorsion).Thefracturedspecimens
alsoshowedthatfracturedsurfacesonwhichshearstresseshadacted
wereblackened,exceptinsomeofthetorsionspecimensinwhichthe
transverseplaneshadbeenconsiderablygougedasa resultofthelarge
relativemovementsduringthefinalstagesofthetest.

Inthetestshavinga stateofstresssuchthat T = 1.20?uthe
. twohighest-stressedspecimehshadlonglongitudinalcrackswhichwere

atanglesof3°,8°,and12°totheaxesofthespecimens.Theseangles
.
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areinapproximateagreementwiththeangle(11.3°)oftheplaneof
maximumshearingstress.AtlowerstressesthegeneralfractureIsof
thespiraltype.

.

*—

Thespecimensfracturedinbendingshowedthatallfractureswere
essentiallytransversewithsmallareasofblackmarkings.Theextent
oftheblackmarkingsdecreasedwithincreaseinalternatingstressand
withincreaseinmeanstress.Atthehighestamplitudesofstress,
cracksappearedtoformatseveralpoints.Atzeromeanstressand
highamplitude,cracksformk@onbothtopandbottomsurfaces.

Microscopicexaminationofthefracturesindicatedthatblackened
areasweresurfaceswhichwouldhavebeensubjectedtoshearstress.
Itwasalsoobservedthatthepointofinitiationofthefatigue-cracks
containedsurfacesoffracturewhichwereshearplaneseitheratan
angletotheaxisandtothesurfaceofthespecimenoratenangleto
theaxisandperpendiculartothesurfaceofthespecimen.

Thefracturesunderothercombinationsofbendingandtwisting
werehelicalordiagonalfractureswithsomeblackmarkingsasinthe
bendingfatiguespecimens.The.angleofthehelixordiagonalplane
wasroughlythatoftheplaneofmaximumprincipalstress,exceptthat
thisangledecreased(tendedtob’ecomea transverseplane)asthemean
stresswasincreasedinthetestsfora stateofstresssuchthat
T =0.50.

StaticTests

Representativestress-straincurvesfor_..tensionandcompression
testsareshowninfigure15. The curvesforthetensiontestsare
takenfromthereportbyDolan(reference44).Figure16presentsthe
nominal$hearingstressagainsttheshearingstrainfroma representa-
tivetorsiontestofthealloy.Thesedataareplottedtotwodifferent
sca~es,infigure16. Representativetime-against-straincurvesare
alsoshowninfigures15and16. Sweralstaticpropertiesmeasured
fromsuchcurvesaregivenintableI.

Becauseoftheshortageofmaterialforthesetestssupplementary
statictestsweremadeonspecimenscutlengthwisefromtheroot,section
ofa propellerbladeforgedofthesamealloy.Thedataobtained.from
thesetestsarealsolistedintableI.

Theeffectofthediameteronthenominalyieldstrengthina
torsiontestisillustratedbythetestresultsattwodifferentdiame-
tersgivenintableI.

.

.

*

.
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. Thevaluesofstressinthetorsiontestonanoriginalbarofthe
alloyhavebeencorrectedasdescribedintheappendixforthenonlinear
stressdistributionresultingfromyielding.Thecorrectedstress-. straindiagramisalsogiveninfigure16. Correctedvaluesofyield
strengthandproportionallimitaregivenintableI togethe”rwiththe
truestressoffractureintensionandintorsion.Thelatterwascalcu-
latedontheassumptionthatthestressonthecrosssectionofthetest
barwasconstantalonganydiameterattheultimatetorque.Thiscalcu-
lationyieldstheresultthatthecorrectedultimatestrengthisequal
tothree-fourthsthenominalvalueregardlessofthediameter.

Forpurposesofcomparisontheyieldstren@hsintensionandcom-
pressiontestshavebeencalculatedintermsofshearingstressesat
thegivenvaluesofoffsetcorrespondingtosheeringstrain,basedona
poisson’sratioof0.3ina tensiontest.Thatis,forthes~e value
ofshearingstrain(oroffset)inbothtensionandtorsionthenormal
straininthetensiontestwouldequaltheshearingstraininthe
torsiontestdividedby 1 + V, whereP iSpoisson’sratiot

Itwasobservedthatthesheeringstressfromthetensiontestswas
nearlyequalthatfromthetorsiontestsattheproportionallimit,@eld

. strength,andfracturestress.

Statictestsbeyondtheproportionallimitareillustratedin. figure17fortorsionofa specimenofthesameshapeasthefatigue
specimens.Forthefirstloadingofthevirginspecimendeflections
wereappliedinincrementsuntilthemaximumdeflectionencounteredin
thefatiguetestswasreached.Thenthespecimenwasunloadeduntila
substantialnegativeloadwasreached,whichwaslessthanthecorre-
spondingminimumloadina fatiguetest.Abovetheproportionallimit
a decidedcurvatureinthediagramwasobserved.However,onunloading. ‘
a nearlylinearrelationwasobtain~atthesameslopeastheinitial
tsngent.Subsequentloadingandunloadingbetweenthesetwodeflections
producedcurveswhichfollowedthefirstunloadinglineratherclosely ~
butshoweda smallhysteresisloop.

Onthefourth,fifth,andsixthloadingsthemaximumdeflection
wasincreasedsomewhatwiththeresultsshowninfigure17. Thecurve
showingtheincreaseindeflectionfollowedapproximatelythetrendof
theoriginalplastic-flowcurve.Themaximumstrainwasincreasedagain
fortheseventhandeighthloadingswithsimilarresults.A sIight
Bauschingereffectwasobsemedinthelastfourunloading.

Thepresenceofa Bauschingereffectisshownmuchmoreclearlyin
figure18inwhichareplotteddatafroma secondstatictorsiontestof

. a specimenshapedlikethefatiguespecimens.Thetwocompletecycles
ofloadingandunloadingillustratedwereobtainedbyloadingthespeci-
mentothemaxim deflection,ulo~ing,applyingreverseloadinguntil

. thereverse-loadingcurveintersectedthenegativeextensionofthe
initialtangentline,andthenremovingthereverseload.Thesecond
loadingduplicatedthefirstloadingalmostexactly.However,the
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remainderofthesecondcycledidnotrepeatexactly,possiblybecause
themaximumdeflectionwaasomewhatgreater.

Sincethemaximumvariationinshearingstress(twicethe
alternatingstress)inthetorsionfatiguetestswas60,000psi,itis
evidentfromfigures17and18.thattheminimumstresswasneverlow
enoughfortheBauschtigereffecttobesignificantevenatthehighest
meanstress,wheretheBauschingereffectwouldbemat pronounced.

Sincetheunloadingcurvesandsubsequentreloadingcurveswere
linearaslongastheunloadingproceedednofurtherthanwasrequired
inthefatiguetests(asshownbyfig.5,specimenA)changesinload
withinthislinearregionproducechangesinstresswhichareelasticand
canbecalculatedbyordinaryformulas:Thusthe
alternatingstressescalculatedontheassumption
reportedinfigures1 to3 are thecorrectvalues
byyielding.

nominalvaluesofthe
ofelasticbehaviorand
andwerenotinfluenced

ANALYSISANDDISCUSSION

CorrectionofMeanStressforEffectofYielding .

ThefatiguestrengthwasmeasuredfromallS-Mdiagramsat3 x 104, – -
105, 106, 107,and108cycles.Thevaluesobtainedaregivenin
tableII. Allsubsequentcalculationsanddiagramsarebasedonthese
values.

Themethodsoftestingusedtogetherwiththecharacteristicsof
thematerialweresuchthatthealternatingstressvaluesreportedare
correctvalueswithinthelimitsofprecisionof thetestinspiteof
anyresidualstressesoryieldingthatmightoccur.Thisresultsfrom
thefactthatthealternatingstresswascalculatedontheassumption
thatthedeflectionsobservedresultedfromelasticsbressesandthe
furtherfactthatfollowingtheinitialplasticloadhgthesubsequent
unloadingandreloadingwerenearlyelasticasshown
and18.

Ininstancesinwhichthemaximumstressofthe
theproportionallimittheactualwimum stresswas
nominalstresscalculatedfromthedeflectionofthe

infigures17

cyclewasabove
lessthanthe
specimen.Thus

themeanstresswasalsolowerbyanequalamountsincethemeanstress
wasequaltothemaximumstressminusthealternatingstressandthe
latterwasnotinfluencedbyyielding.

Ihastichasoneoftheobjectsofthisinvestigationwastodeter-
minetheeffectofthemeanstress,itseemednecessarytoextendthe
rangeofmeanstressestoaslargevaluesaspossibleandthento
correctthenominalmeanstressesforyielding.Thetestsatzeromeqn
stressandatsomeofthelowervaluesofme- stressdidnotrequire

—.

-.



NACATN2g2k 17

.

correction.Alsono
combinedbendingsnd

correctionhasbeenattemptedforyieldingunder
torsion.Plasticitytheoryendexperimenthave

. notyetbeende~elopedtoa pointwheretheproblemofyieldingunder
combinedbendingandtorsionofa materialhavinga curvedstress-strain
diagramisreadi~ysolved.

Correctionsweremadewhereneededforalltestsinbendingandin
torsion.Theprocedureusedforcorrectingthebendingtestswasbased
inpartonthesemigraphicalproceduredevelopedbyhrkovinand
SidebottomfromtheequationofHerbert(reference58),whereasthe
correctionsintorsionwerebasedinpartontheproceduredescribedby
Nadai(reference59).Theapplicationoftheseprocedurestothepresent
dataisdescribedintheappendix.Theresultingcorrectedvaluesof
meanstressaregivenintableII.

Thecorrectionsforyieldingarenotexact,asdiscussedinthe
appendix,norisitlikelythatthemaximumstressremainsentirely
constantduringthetest.Residualstresseswhichmayhavebeenpresent
inthespecimensinspiteofthecareusedintheirpreparationmayalso
haveaffectedthemaximumstress.

TheoriesofFailureunder

Manytheorieshavebeenproposedas

CombinedStress

governing@eldingorfracture
undera singleapplicationofcombinedstress.Severalofthesame
theorieshavebeenproposedforfatiguefailue,butnonehasreceived
universalacceptance.Possiblythenatureoffatigue,commencingasit
doesona smallscaleattheatomicorcrystallevel,mayinthefinal
analysismakeitimpossibletodefinetheconditionsoffailureinterms
oftheusualconceptofstressorstrain.However,atpresentthereis
no choicebutto expresstheseconditionsintermsofstressorstrain.

Alltheorieswhichhaveseemedtoholdanypromisehavebeeninvesti-
gatedinthepresentanalysis.Thelistoftheoriesconsideredisgiven
intableIIItogetherwiththecorr~pondingequatione~ressedinterms
oftheprincipalstressesandtheequationassimplifiedforthecase
ofcombinedbendingandtorsion.Thelatterequationisexpressedin
termsoftheflexuralstressu andtorsionalstressT.

Inadditiontothewell-knowntheoriestheempiricalequations
proposedbyGough(theellipsearcandellipsequadrant)havebeen
tried,togetherwitha theorynotpreviouslyconsidered.Thistheoryis
thatfatiguefailuremayoccurwhena limitingmagnitudeofthestate-
of-stressvectorisreached.. Nophysicalsignificanceisattachedto
thelattertheoryasitisnotmuchmorethananempiricalequation.

.
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Byuseof(1)
betweeRa and T
strengths,and(4)
titycorresponding

EffectofStateof.Stress

theequationsgivenin”tableIII,(2)therelation
forthedifferentstatesofstress,(3)thefatigue
thecorrectedmeanstresses,thevaluesofthequan-
tothefatiguestrengthsndtothemeanstresswere

computedforeach-ofthetheories.

Inmakingthecomputationsthevalueofthemodulusofelasticity
employedwas9.69x 106psiasreportedbyDOh fromtensiontests
{reference44).A largervaluewouldhavebeenjustifiedbythe
compression-testdatasubsequentlyobtained.A valueof0.3wasused
forPoisson’sratio.NodirectmeasurementsofPoissonfsratioare
availablefor76s-T61aluminumalloy.

Poisson’sratiocalculatedfromtheaverageofthetensionand
compressionmodulusdeterminationsendfromtheshearingmodulusfrom
thetorsiontestgivesvaluesof.0.31-fortheoriginalbarstockand
0.39forthepropellerblade.Availabledataon75S-T6aluminumalloy
(reference60)indicatea valueof0.33.Poisson’sratioduring
yieldingprobablyhasa stillhighervalueasshownbyStang,Greenspan, .
andNewman(reference61).However,onunloadingandreloadingafter
yieldingitseemsprobablethatPoisson’sratio’wouldbesimilartothat
ofvirginmaterial. .

Thevaluesof b and t usedinmakingthecomputationsfor
Guest’slaw,theellipsequadrant,andtheellipsearcwerethevalues
ofthefatiguestrengthinbendingandintorsion,respectively,atthe
numberof’cyclesconsidered.

Thevalueofthetheorybasedonthealternatingstressatzeromean
stresswasthenplottedasa functionofthestateofstressforeachof
thetheories,asillustratedinfigure19forthetheoryofa limiting
principalshearstress.Themeasureusedforthestateofstresswas
theleastdirectioncosineofthestate-of-stressvector

n= a3/s (4)

Fortherangeofstatesofstressemployed-inthisinvestigationonly
onedirectioncosineisnecessarytoidentifythestateofstress,since
allthestate-of-stressvectorslieinoneplane.Thedirectioncosine
n waschosenbecauseitspacedthetestvaluesofstateofstressmore
evenlythanthefirstdirectioncosine.Thevaluesof n employedare .
givenintable11.

Thegreatestprincipalshearstresscorrespondingtothefatigue .
stren@hatfivedifferentnumbersofcyclestofailureisshownin
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. figure19. Onthistypeofdiagramexactagreementwiththetheory
wouldberepresentedby straighthorizontallines.Theslopinglines
showninfigure19indicate~thatfatiguefailureofthismaterialunder

. combinedbendingandtorsionisnotpredictedaccuratelybythetheoryof
a limitingprincipalshearstress.

A logarithmicordinatewasusedinallofthesediagramsbecausethe
percentchangeina quemtityisrepresentedbythesamelineardistance
ona logarithmicscaleregardlessofthemagnitudeofthequantity.Thus
logarithmicdiagrsmspermitdirectcomparison(betweenthevariouscurves)
oftherelativedeviattonofthetestvaluesfromthetheory.A scaleis
Insetinfigure19bywhichthepercentdeviationfromthetheorymaybe
measured.Anexaminationofthesediagramsforalltheoriesindicated
thefollowingorderofmerit(asindicatedbythepresentdata)forthe
severaltheoriesandempiricalequationswherethefirsttheoryrepresents
thetestdatatheclosest:

.

.

(1)Guest’slaw(complete)
(2)Ellipsequadrant
(3)Magnitudeofstate-of-stressvector
(4)Ellipsearc
(5)Totalstrainenergy
(6)Octahedralshearstress
(7)brgestprincipalstrain
(8)Energyofdistortion
(9)krgestprincipalshearstress
(10)Largestprincipalshearstrain
(11)Largestprincipalstress

Thereisnodifferencebetweenthepredictionsofitems(9)
and(10)aboveasthecorrespondingequationsintableIIIshow.

Sincea completestatisticalanalysisofthedataforthesetheories
didnotseempractical,theaboveorderofmeritwasdeterminedly
drawingthestraightlineswhichbestrepresentedthedataindiagrams
suchasfigure19andusingtheslopesofthesellnesandthemaximum
deviationsfromthelinesas@idesinarrivingatanopinion.

EffectofMeanStress

Onthebasisoftheseresultsseveralofthemore-promisingtheories
wereselectedfora completestudyatallvaluesofmeanstress.As
reportedbyGough(reference18)anddiscussedbythewriter(reference40)
theellipsearcisrelatedtothecompleteGuestlawandinawaywhich
makestheellipsearctoogeneral.. Hence,inthecompleteanal~isthe
ellipsearchasnotbeenconsidered.Similarlytheellipsequadrantwas
notconsideredsince,asdescribedinthediscussioninreference40

. andina latersection,theellipsequadrantisidenticaltoa squared
formoftheequationforthegreatestprincipalshearstress,when
correctedforanisotropyinthemannertobedescribed.
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Thefollowingquantitieswerecofiutedfromthealternating‘-
stressesendfromthemean(correctedwhereverpossible)stressesat
eachvalueoffatiguestren@hconsidered:

(1)Guest’slaw(complete)
(2)Magnitudeofstate-of-stressvector
(3)Totalstrainenergy

Thevalueofeachofthethreequantitiesbasedonthealternating
stresswasplottedasa functionofthecorrespondingvalueofthe
quantitybasedonthemeanstressasshowninfigures20to28. In
additiontothedataobtainedunderdynamicconditionsthevalueof
eachquantitycomputedfromtheyieldstrengthat0.05-percentoffset
isrepresentedbythediagonallineinthefiguresforbendingfatigue

.

. —.

andfortorsionfatigue.

Itis&interesttonotefromtableI that
0.05-percentoffsetbasedonshearingstressand
nearlyidenticalbetweentheresultsoftension,
testswhenthestressesinthetorsiontestwere

theyieldstrengthat
shearingstrainlwas
compression,andtorsion
correctedforthedis-

tributionofstressresultingfromyieldingasdescribedintheappendix.

The valuesof b and t usedincalculatingGuest’slawwerethe
sameforallmeanvaluesata givennumber.ofcyclesendequaltothe
bendingandtwistingfatiguestrengths,respectively,atzeromean
stressandthegivennumberofcycles.

.-.

Thefollowingobservationsweremadefromfigures20to28:

(1)Foralltheories,atanynumberofcyclesto-failure,thevalue
ofthetheorybasedonthealternatingstressdecreasedwithincreasein
thevalueofthetheorybasedonthemeanstress.

(2)Inbendingandinconibinedbendingandtorsiontheeffectwhich
anincreaseinthevalueofthetheorybasedonthemeanstresshadon
thevalueofthetheorybasedonthealternatingstresswaslessatlarge
nunibersofcyclestofailurethanats?mllnumbersofcyclestofailure.
Thissuggeststhatthematerialmayhaveanendurancelititwhichfor
somestatesofstressandforhighmeanstressesmaybereachedatabout
106cyclesbutforlowermeanstressesmaynotbereacheduntilperhaps
1012cycles.(Seealsofigures8 and”10.)

(3)ThereiSpooragreementbetieenthetestdataandcommon
empiricalformulassuchasthemodifiedGoodmanorSoderberglinear.
equationsortheGerberparabola,althoughthelatteristhebestrepre-
sentation.Thisistruewhethertheordinarystressisplottedor the t

%he normalstraincorrespondingtoO.0~-percentoffsetofshearing d
strainislessthan0,05-percentoffsetofnormalstrain.
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quantitiescorrespondingtothetheoriesareplotted.Theslopesof
thecurvesinfigures20to22,forexample,arenotsteepenough,the

..

curvesfortorsion(fig.22),forexample,donotconvergewithincreasing
meanstress,andthelowerfourcurvesforbending(fig.20),forexample,
curveinthewrongsensefortheGerberparabola.Theempiricalformulas
arenotshowninthefigurestoavoidconfusion.

(4)Inallexcepttheenergytheorythereisonlya slightdecrease .
infatiguestrengthwithincreasingmeanstressformaximumstresses
belowtheproportionallimit,Asthemaximumstressesbegantocause
yielding,thefatiguestrengthdecreasedmorerapidlyinthetorsiontests
andinthebendingtestsathighalternatingstressesthanintestsat
othercombinationsofstresses.Thismaybetheeffectonthefatigue
strengthofchangesinmicrostructureresultingfirstfroma nominally
elasticstaticstressandsecondfromtheplasticdeformationatyielding.

(5)fiminat~onofthecurvesinthesefiguresrevealspoorcorrela-
tionbetween(a)thevaluesofmaximumstressbeyondwhichthefatigue
strengthdecreasesmarkedlyand(b)theyieldstrengthfromstatictests.
A markeddecreaseinfatiguestrengthisapparentinthetorsiontests
asshowninfigure22,forexsmple.Forbending,however,thetopcurve
offigure20suggestsonlythata merkeddecreaseinfatiguestrength
maybe impendingathighervaluesofmaximumstress.Littlecanbesaid
aboutcombined-bending-and-torsiontests(fig.21,forexauyQe)sincecor-
rectionsforyieldinghavenotbeenmade.Theitiicationsarethatno
markeddecreaseoccurredwithintherangeofthetestsshowninfigure21.

EffectofStateofStress atDifferentMeanStresses

Thevaluesoftheordinateatseveralvaluesofthemesnstress,or
mesnenergy,andsoforth,werereadfromeachofthecurvesinfig-
ures20to28. Thesevalueswereplottedasa functionofthestateof
stressasrepresentedbythedirectioncosinen infigures29to31.
Thesefiguresareofthesametypeasfigure19exceptthatvaluesof
thequantitycorrespondingtoseveralmeanstressesarealsopresented.
Itshouldbenotedthatthevaluesforcombinedbendingandtorsionare
notcorrectedforyielding.

Appraisalofthedataforallmeanvaluespresentedinfigures29
to31indicatesthefollowingorderofmeritoftheseveraltheories:
CompleteGuest~slaw,magnitudeofstate-of-stressvector,andtotal
energy.Thereis,however,notmuchchoicebetweenthefirsttwo.
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CORRECTIONSFORANISOTROPYOFMATERIALINFATIGUE

TE91’SUNDERCOMBINEDBENDINGANDTORSION

DiscussionofAnisotropyinFatigue

Thepossiblecontributionofanisotropytotheresultsoffatigue
testsundercombinedstresshasbeenrecognizedbysomeoftheinvesti-
gatorsalthoughithasnotbeenacknowledgedintheliteratureon
fatiguetestsundercombinedbendingandtorsion.However,ithasbeen
recognizedthattheratioofthefatiguestrengthinbendingtothatin
torsionwasnotthesamefordifferentmaterialsasrequiredbythe
rationaltheoriesoffailureofelasticaction.Toavoidthisdiffi-
cultyGough(reference18)proposedtwoempiricalexpressions,the
ellipsequadrantforductilemetalsandtheellipsearcforcastirons,
whichincludeasconstantsthevaluesofthefatiguestrengthin
bendingb andintorsiont.

Fromthepresentknowledgeofthestructureofmetals,itisdiffi-
culttoaccountforvariationsintheratiob/t betweendifferent
isotropicmetalscomposedofpolycrystallineaggregates.Onepossible
interpretationis.thatfatiguefailureisgovernedbyoneofthetheories
forwhichb/t isa functionofPoisson’sratio(seetableIII)and
thatvariationsinPoisson’sratioaccountfortheobsenedvariations
in b/t. Forthesetheoriesthepossiblevariationsin b/t resulting
froma changeinPoisson’sratiofromO to1/2areasfollows:Principal-
straintheory,1 to1.5,andtheoryoftotalenergyofdeformation,G
to””fi. Thelastistheonlyonewhosevaluesareintherightrange,
butthelimitsarenotbroadenoughtocover alltheobservedvaluesfor
ductilemetals.AlsoonlyrelativelysmallvariationsinPoisson’sratio
havebeenobservedforductilemetals.

Hence,itseemsappropriatetoconsiderwhetherlackofisotropy
maybethecauseoftheobservedvariations.A strikingexampleofthe
effectofanisotropyonthisratioistobefoundintherecentworkof
Gough(reference18)inwhicharereported.resultsof combined-bending-
and-torsionfatigueofa splinedshaft.Thevalueof b/t forthe
splinedshaftwas3.04ascomparedwitha valueof1.62forsmoothspeci-
mensofthesamesteel.Inthiscasetheanisotropyispredominantly
causedbyexternalshapeandnotbystructureofthematerial.However,
itseemspossiblethatrolledmetalbarsmayhaveinternalshapecharac-
teristicscausedbyslagorotherinclusionswhichmayproduceaneffect
similartotheanisotropicstressconcentrationofthesplfnedshaft.

Similarexamplesofanisotropyaretobefoundinresultsreported
bytheauthor(references49and62)fromfatiguetestsofspecimenscut

.

.

.
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fromsheetsoflaminatedplasticsinsucha waythatthelaminations
wereparalleltotheaxisofthespecimen.Ratiosof ti/tcomputed
fromthesetestsvariedfrom1.61fora gradeC canvaslaminateto8.5
fora Mitscherlichpaperlaminateinwhichtherewasevidenceofpoor
bmd betweenlaminations.

Theconceptofansnisotropicstressconcentrationmaybeillust-
ratedbyconsideringtheeffectofmachininga setofparallelgrooves
onthesurfaceofa flatplateofisotropicmaterial.Thegrooveswould
havealmostnoeffectonthestressresultingfrombendingcouplesin
theplanescontainingthegrooves,butthepeakstressesproducedbythe
samebendingcouplesinplanesnormaltothegrooveswouldbeincreased.
Thusthegroovesproduceananisotropicstressconcentration,thatis,
a stressconcentrationwhosepropertiesdependonthedirectionof
stressing.

—

DataonIsotropyinFatigueofMetals

Unfortunately,theisotropyunderfatigueconditionsofthepresent
materialandofthematerialstestedbyotherinvestigatorsinfatigue
undercombinedbendingandtorsionisunknown,althoughpreparations
areunderwaytodeterminetheisotropyofthepresentaluminumalloy.

However,somedataareavailable(references22and25)onthe
isotropyofmetalsasindicatedbythecomparativefatiguestrengthof
specimensinwhichthegreatestprincipalstressisinonecaseparallel
andintheothercasetransversetothegraindirectionofthestock.
C.azaudalsoliststheresultsofseveralinvestigations(reference63).
Theresultsdifferamongthemselvesbutindicateforwroughtmaterials
thatthetransversefatiguestrengthisabout15percentlowerthanthe
longitudinalfatiguestrength.

Templin,Howell,andHartmanreporttheresultsofa thousand
fatiguetestsofbothlongitudinalandtransversespecimensofaluminum
alloys(reference64).Theyobserveda relativelysmalleffectof
orientationwhichtheyconsideredtobeinsignificant.ItiS difficult
toevaluatethiseffectqwntitativelyfromthediagramspresentedbut
thedataseemtoadmitthepossibilitythatthemagnitudeoftheeffect
maybe comparablewiththatreportedbypreviousinvestigators.

CorrectionsforAnisotropy

Ifitisassumed,pendingfurtherevidenceofisotropy,thatvaria-. tionsin b/t aretheresultofanisotropy,thennoneoftherational
theoriesoffailurecanbediscardedbecauseofthevariationsin b/t
amongmaterials.Instead,onemayattempttocorrectforanisotropy..
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.

TheequationproposedbyGuest(seetableIII)maybeconsideredtobe
anequationcorrectedforanisotropysinceitincludesthevaluesof b
and t asconstants.Theseareintroducedintheequationinsucha
waythattheresultingexpressionissatisfiedbythetestdatafor
purebendingorpuretorsionregardlessoftheratiob/t= ThiSiS
alsotrueoftheequationsfortheellipsearcandellipsequadrant.

Itseemsreasonabletoassume,asa firstapproximation,that
anisotropyinthestrengthofa materialmaybesimilartotheeffect
ofa straightgrooveipthatitmayraisethelocalstressabovethat
predictedbytheformulasusedforisotropicmaterialsforstresses
normaltothedirectionofthegroovebutnotpsralleltoit. Thenin
specimenscutlengthwisefrombarstockandtestedsothattheplaneof
bendingandaxisoftwistingarealwaysparalleltothelengthwise
directionofthestockonemayexpectthat:Anisotropyofthematerial
willraise(orlower)thenominalstresscomputedfromthetwisting
momentmoretham(orlessthan)thestresscomputedfromthebending
moment;theresultingbendingortwistingstressescausedbyanisotropy
willbelinearflmctionsofthenominalbendingortwistingstresses,
respectively;andtheresultingbendingandtwistingstresseswillbe
thesamefunctionsofthenominalstressesregardlessofthecombination
ofbendingandtwistingemployed.

Undertheseconditionsonecanthenreexaminealloftherational
theoriesofinelasticaction(whichrequirespecificvaluesofthe
ratiob/t)bymultiplyingthenominaltwistingstressT bya correc-
tionconstantforeachmaterialsuchthattheresultingequation
satisfiestheconditionsforpurebendingandpuretwisting.A correc-
tionconstantcouldhavebeenappliedtothebendingstressinsteadof
tothetwistingstressortobothstresses;theresultwouldhavebeen
thesame.

Forexample,thetheoryofa limitingprincipalshearingstress
maybewrittenforcombinedbendingandtorsionasfollows:

Thisequationrequiresthatb/t= 2, asisshownby
tionforthecasesofpurebendingandpuretorsion.
accordancewiththeabovesuggestionsonecancorrect
multiplyingeveryvalue
wherebl and tl are

of T introducedinequation

.

—

(5)

solvingtheequa-
Thereforein
foranisotropyby- “““- -
(5)by bl/2tl

themeasuredvalues of thefatiguestrengthin
.
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. bendingandintorsion,respectively.Thenuniberofcyclesforwhichhl
and tl aredeterminedarethesameasthenuniberwhichereexpectedto
producefailureunderthegivenvaluesof u and T. Iftheadjusted.
valueT1= b17/2t1issubstitutedinequation
results:

(5)thefollowingequation

—

()b12T2=t~
(6)

Thisequationmayberationalizedandrewrittenas

(7)

theellipse-quadrantequation(seetableIII)

bq

whichisidenticalwith
. sinceforpuretwisting

●

fromwhich

.—_

Thustheellipsequadrantmaybeconsideredtobea rationalized
equationforthelimitingprincipalshesringstresswitha correction
foranisotropyapplicableforthesyecialtypeoftestingandorienta-
tionofspecimensconsidered.Ofcourse,proofoftheeffectofsni-
sotropymustbesoughtbeforethevalidityofthea%oveexplanationmay
bedemonstrated.

Ina similarwaythiscorrectionmaybeappliedtotheother
rationaltheoriesoffailure.Thevaluesof b/t requiredbythese
theoriesandtheresultingequationsaregivenintableIII.Itis
significanttonotethattheequationsforsixofthesetheories,when
rationalized,sreidenticaltotheempiricalequationproposedby
Gough-theellipse-quadrantequation.Thesixtheoriesare:

.

(1)Principalshearstress
(2)Principalshearstrain
(3) tiergyofdistortion
(4)Octahedralshearstress
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(5)Totalenergyofdeformation.:..
(6)Magnitudeofstate-of-stressvector

Thetheorieswhoserationalizedequations(withcorrectionfor
anisotropy)differfromtheellipsequadrantare:

(1)Principalstress
(2)Principalstrain

EFFECTOFMEANSTRESSANDSTATEOFSTI@SSCONSIDERINGANISOTROPY

MeanStress

Sincesixofthetheoriesareidenticalinform(withinthestates
ofstresscoveredbycombinedbendingandfbrsion)whencorrectedfor
anisotropythecurvesforonlyoneofthesixneedtobeplotted.The
theoryofa limitingprincipalshearstresswasselectedbecauseofits
possibilitiesasshownbythereviewoftheliteratureandbecauseof
theconsiderationsdiscussedinthenextsection.

Theeffectofmeanstressisshowninfigures32to34forthe
principal-shear-stresstheorywithcorrectionforanisotropy.The
valuesof b and t usedincorrectingforbothalternatingandmean
stresseswerethevaluesofthebendingandtwistingfatiguestrehgths,
respectively,atzeromeanstressandthegivennumberof-cycles.

Thereisnoreasontothinkthatthevaluesof b and t areany
moreaccuratethanthefatiguestrengthatanycombinationofbending
andtwisting.Thusa certainlatitudecommensuratewiththescatterof
thedatamightbeallowedinthevalueof b/t usedincorrectingfor
anisotropyifindicatedbythetrendof’dataforcombinedbendingand
torsion.

---

.

.

Thedisagreementwhichexistsinfigures32and34betweenthe
@eld strengthandthemaximumstressbeyondwhichthefatiguestrength - –
decreasesmarkedlymaybetheresultofcorrectingboththefatigue-
strengthandmean-stressvaluesforanisotropy.

Anexcellentcorrelationwasobservedbetweentheyieldstrengths
fromstatictestsandresultspredictedbytheprincipal-sheartheory
asmentionedearlier.Thissuggeststhattheoriginalmaterialmayhave
beennemlyisotropicasfarasgeneralyieldingisconcernedandthat
thematerialmayhavebeenaaisotropiconlyatthelevelofthelocalized
actionwhichinitiatesfatiguefailure.

Ifthisisthecasethenthecorrectionforanisotropyshouldhave
beenappliedonlytothealternatingcomponentsofthestress.This
revisiondoesnotaffectthediagramforbending,figure32,butdoes
affectfigures33and34. Thereviseddiagrsmfortorsionisshownin
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. figure35. Theapparenteffectofyieldingonthefatiguestrength
resultingfroma highmeanstressisinbetteragreementwithstatic
yieldinginfigure35..

ThesamereasoningwhenappliedtotheGuesttheoryhada similar
resultalthoughtheagreementwasnotsofavorable.

Themagnitudeofthecorrectionforyieldinganditseffectonthe
diagramofsmplitudeof’stressagainstmeanstressareillustratedin
figures32snd34 in whichbothcorrectedanduncorrectedvaluesare
plotted.

StateofStressatDifferentMeanStresses

Fromordinatesatfourvaluesofmeanstressindiagramssuchas
figure35andfromthedataatotherstatesofstressforzeromean
stress,diagramsshowingtheeffectofstateofstresswereconstructed
asshowninfigure36forthetheoryofa limitingvalueofprincipal
shearstress(witha correctionforanisotrophyappliedtothealter-
natingstress).Anexaminationoffigure36r~”‘Tedthatthistheoryis
a closerrepresentationofthetestdatathan~ therconsidered,with
thepossibleexceptionofGuesttslaw.Itshouldberecalled,however,
thatthealternatingvaluesarethesame,exceptfora constantfactor,
forsixofthetheories- notjusttheshear-stresstheory.Thedia-
gramsformeanstressesabovezeroare,however,dependentontheshear-
stresstheory(orshear-straintheory,whichisidentical)sincethe
meanstressdoesnotcontaina correctionforanisotropy.

Theprincipal-stresstheoryandprincipal-straintheorywithcorrec-
tionforanisotropywerealsoconsideredforzeromeanstress.The
agreementwiththetestdatawasnotnearlysogoodasfortheprincipal-
shesr-stresstheorycorrectedforanisotropy.

Theeffectofthecorrectionforyieldingisindicatedinfigure36
byshowingtheordinatestoboththecorrectedanduncorrectedcurvesof
alternatingagainstmeanstress.

Whenthecorrectionsforanisotrophyandthedataforallstatesof
conibinedstress,allvaluesofmeanstress,andallcyclestofailurewere
considered,thetheoriesoffatiguefailurewerefoundtohavethefol-
lowingorderofmerit(wherethefirsttheoryrepresentsthetestdata
theclosest):

(1)

(2)
(3)
(4)
(5)

Principalshearstress(principalshearstrain,etc.)corrected
foranisotrophy

CompleteGuestlaw
Principalstraincorrectedforanisotrophy
Magnitudeofstate-of-stressvector
Totalstrainenergy
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ENERGYANDOTHERCONSIDERATIONS s

Ofthesixtheorieswhoseequations_~or~end~g.andtorsionbecome w
identicalwhencorrectedfor~isotropytwoarebasedonanenergycon-
cept.Also,evenwithoutcorrectionforenisotropy,energytheories
rankhighintheorderoftherationaltheories(seesectionentitled .-

“EffectofStateofStress”).

Energyasa Scalar

Therearea numberofobservationswhichseemincompatiblewith
energyconcepts.Energyisa scalarqusmt”itysothatthecharacteristics
ofstrainenergyareindependentoforientationoftheprincipalstresses
relativetothematerial.Thusanisotropyinthematerialshouldnot
affecttheresultsoffatiguetestsofspecimenshavingdifferentorien-
tationsifenergyisthecriterionoffatiguefailure.However,data
referredtointhesectionentitled“Data-onIsotropyinFatigueof
Metals”indicatethatorientationprobablyaffectstheresultsof
fatiguetests.

—

Microscopicstudieshaveindicatedthatslipbandsarepresentin
thevicinityoffatiguecracksandthattheyprobablyprecedeactual

.-
.-

fatiguecracks.Thisbeingthecase,theorientationofstress(or
forces)wouldseemtobeanimportantfactorintheoriginoffatigue w
cracking.Thusonemightquestionwhethera scalarquantitysuchas
energycouldbea controllingfactor.

IthasbeensuggestedbyFowler(ina privatediscussion)that
energytheoriesmightbetestedifonecoulddevisea meansofmaintaining
thestateandintensityofstressconstant-ina specimen(nofluctuation
instress)sndfluctuatetheorientationoftheprincipalstressaxes
withrespecttothespecimen.Fatiguefracturemightormightnotoccur
athighstresses,accordingtowhetherorientakio-io-fs-tressingisoris
nota factorinthefatiguephenomena.It.seemstothewriterthat
fatiguewouldveryprobablyoccur.

Sucha testmightbeaccomplishedbyusinga diskasa specimen.
Thediskshouldhavea heavyrimandbedishedonbothsidessothat
whenloadeddiametrallytherewouldbea sectionofuniformhighstress
inthecenterwhosestateofstresswasbiaxial(anunequaltensionand
compression).Ifthediskisloadedthroughrollerssndrotatedunder
loadthestrainenergyinthehigh-stressportionofthediskwould
remainconstantbuttheprincipalstressdirectionswouldrotatewith
respecttothedisk.

—.

Insucha testifeitherthestateofstressorthematerialis
.

isotropicnothingshouldhappen,butifbothereanisotropicitshould
bepossibletoproducefatiguefracture.Thisshouldbetrueeven .
thoughthematerialis statisticallyisotropicsincefatiguefracture
originatesfromphenomenaoccurring in individualgrains,whoseproper-
tiesme knowntobeanisotropic.
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.
Inviewoftheaboveitwouldseemthat correctionofanisotropic

theorysuchasanenergytheoryforanisotropyismeaningless.This
. leadsonetosuspectthatenergytheoriesarenotapplicabletothis

problem,orthattheconceptofenergyasa scalarmustbemodified.

StrainEner~andMeanStress

Anotherdifficultyarisesintryingtoapplytheenergytheoryto
theproblemwhenthemeanstressisnotzero.Thevariationofstrain
energywithtimewhencalculatdfromstressesmustbebasedonthe
variationofthetotalstress,notonthevariationofcomponentssuch
asalternatingandmeanstress.Residualstressesmustalsobeadded
totheappliedstressesbeforecalculatingtheenergy.Ifthisisnot
donelsrgeerrorsinenergywillresultsincestressesaresquaredin
computingthestrainenergy.Thusdiagramssuchasfigures26to28 in
whichthealternatingandmeantotalenergiesarecomputeddirectlyfrom
thealternatingandmeanstresses,respectively,donotpresentthecor-
rectrelationbetweenthecomponentsofenergy.

Anattempttopresenta moreaccuratepictureoftheenergyrelation. distlosesthefollowingdifficulties:

(1) Whentheminimumstressofthecycleisofthesamesignasthe
maximumstressthereisnodifficultyotherthanthattheenergycycle
isnotsinusoidalasthestresscyclewas. Themaximumenergyiscalcu-
latedfromthemaximumstressandtheminimumenergyfromtheminimum
stress.Thealternatingandmeanenergiesarecalculatedashalfthe
differenceandhalfthesumofthesemaximumsandminimums.

(2)Sinceenergyisa scalsxandalwayspositivea completely
reversedsinusoidalcycleofstresswillproducenota completelyreversed
cycleofstrainenergybuta cycleofenergyvaryingfromzero(atzero
stress)toa maximum(atbothmaximumandminimumstress)whichisnot
sinusoidalandhasa frequencytwicethefrequencyofthestresscycle.
Thusthetotalnumberofenergycyclessustainedbeforefractureistwice
thetotalnuniberofstresscyclessustained.Thesefactshavenotbeen
discussed(asfarasislmown)inpreviousstudiesofenergytheoriesof
failureappliedtofatigue.

(3)men thestressduringthecycleispartlyofonesignbutnmstly
oftheoppositesign,theenergycycleconsistsoftwoalternatepulses
ofthesamesignbutdifferentmagnitude.Thefrequencyofthelarger
pulseisthesameasthatofthestresscycle.

.

.

Whentheabovefactorsaretakenintoaccounta newdiagramrepre- ._—
sentingtheactualalternatingenergyagainstactualmeanenergymaybe
constructedasshowninfigure37. Thisisaccomplishedby(a)computing
thealternatingandmeanenergiesasdescribedinitem(1)above,
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(b)accountingforthechangeinfrequencynotedinitem(2),and(c)neg-
lectingthesmallerpulsedescribedinitem(3).A zerovalueofmean
energyisnotpossible.Figure37showsthatthealternatingenergyfor
fatiguefailureincreasesequallywithincreaseinmeanenergyuntilthe
minimumenergyofthecyclebecomesgreaterthanzero.Thisbehavior
doesnotseemreasonableasa theoryoffatiguefailureunderconibined
stress.Thestressandcorrespondingenergycyclesareillustratedin
figure37fortypicalvaluesofmeanstress.Whiletherelationshown
infigure37isfortotalenergy,a similarrelationwouldobtainfor
distortionenergy.

Anotherpossiblewayofhandlingthestrain-energyrelationshipthat
avoidsthedifficultiesenumerated’aboveistogiveenergyanarbitrsry
signthesameasthesignofthecorrespondingstress.1~thisisdone
thealternatingenergydecreasesandthenincreasesmarkedlywithincrease
inmeanstress.

Theleastunreasonableofthesemethods”ofhandlingenergyisthat
showninfigures26to28. But themastreasonableexplanationfor
thisinterpretationseemstorequirethatfatiguefailureisassociated
withthedynamic(fluctuating)strainenergyindependentofthemean
strainenergyandthatthemeanenergy,whetherfromexternallyapplied
meanstress,residualmacrostress,orresidualmicrostress}merelyacts
ina mannersimilartoa changeintheinternalstructureofthealloy.
Sucha changeinstructuremayormaynotgreatlyaffectthefatigue
strengthofthealloy.ofcourse,itmaYbethatthech~$einstruct~e
iscausedbysomefactorotherthanmeanenergysuchasmeanshearing
stresswhilethealternatingenergycontrol-ftheinitiationoffatigue
fracture.

Theaboveexplanationoftherelationbetweenstrainenergy(either
totalordistortional)andfatiguefailureatdifferentvaluesofmean
stresswouldseemratherplausibleifitwerenotfortheotherdiffi-
cultieswithanenergytheorywhichwerediscuss~inthissection.

TheoriesofOctahedralShearandState-of-firessVector

Theoctahedralshearstresshasbeenproposedasa limitingcondi-
tionforyielding.Ithasbeenexaminedhereasa possibletheoryfor
fatigue.However,itisdifficulttounderstandwhya shesrstress
(suchasoctahedralshearstress)whichislessthanthemaximumshear
stresscouldbethecontrollingfactoreitherininitiationofyielding
ormoreespeciallyinfatigue.Thegreatestmeritsoftheoctahedral
shearstressseemtobethatitsequationincludestheintermediate
prticipalstresslikethedistortion-energYtheorybutthatitisa
vectorquantity.

Ofcoursethemascnitudeofthestate-of-stressvectorhasnomore
significanceasa fun&mentaltheoryoffatiguefailure
stressthantheoctahedralshearstresssinceithasno
icanceintermsofmechanismsoffailure.

undercombined
ph~icalsignif-

--

. .

.

.
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MODEOFFRACTURING

OriginofFatigueCracks

Theobservationsonthefracturedspecimensandotherfactors
suggestthefollowingasthepossiblesequenceinformationoffatigue
cracks.Undertheactionofrepeatedstressingslipoccursincrystal
grainswhicharefavorablyorientedforslipalongplanesinornear
theorientationofplanesofmsximumshearstressandwhichhavegrain
boundaries,thatis,relationship’swithneighboringgrains(suchasa
freesurfaceononeside),whichpermitslipundertheappliedstress.

Thereversalorpulsationofstresscausesrepeatedandreversed
slipinsomegrainswhichmayresultfirstina breakdownoftheordered
atomicarrayinthecrystalalongtheplanesofslipandfinallyinthe
formationofa crack.Underfurtherreversalsofloadtheremovalof
restraintresultingfromtheinitialcrackpermitssiiptooccurmore
readilyinadjacentcrystalssothatthecracktendstospreadroughly
intheplaneofmaximumshearingstress.

PropagationofFatigueCracks

Asthecrackbecomeslargertheshearingdisplacementbetweenthe
twofacesofthecrackincreaseswitha consequentmechanicalinterfer-
encebetweentheirregularitiesleftinthewakeofthecrack.This
interferenceresultsinabrasionofthewallsofthecrackandthefor-
mationoffineblackparticlesofcrystallinealluminumalloy2which
exudefromthecrackastheblackdustobservedcomingfromcracksand
depositedonsurfacesofshearplanes.Itmaybethatthefinenessof
theparticles,thefactthattheparticlesareformedfromdisordered
materialandthatthetemperature(resultingfromfriction)atwhich
theyformisprobablyhighallcontributetotheblackcolorofthe
aluminum.(Afullaccountofaluminumblackisfoundina paperby
M.lliganandFocke(reference65).)

As longas(a)thealte~at~gprincipalshearstressand(b)the
ratioofthealternati~principalshearstresstothemaximumprincipal
stress are ls,rgerth~ a certainvaluethe crackscontinueto propagate
rapidlyasshearcracks.But,aseitherofthesevaluesbecomesless
tha a certainl~it,thepropagationofthecrackappearstochangeto
a tensilefractureonplanesofgreatestprincipalstress.However,the

.

2Theidentityoftheblackparticleswasestablishedbyan X-ray
analysisconductedfortheauthorbyMessrs.G.L.ClarkandE.p.Bertin.

.
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initiationoffractureappearsstilltobeonshearplanes.Thusthe
numberofcyclestofailure,asdeterminedin-theordinaryfatiguetest,- -
dependsontheinfluenceof‘bothmodesofpropagationofcracks.This .
conclusionisindisagreementwiththatofA1.men..whosays
failuresaretensilefailures”(reference66).

EffectofAlternatingStress,MeanStress,andState

that“fatigue .-

ofStress

Itwouldappearfromtheeffectofmeanstressonthetransition
fromshearpropagationofcrackstotensilepropagationofcracksthat
theinitiationandpropagationofshearcracksaredependentonthe
alternatingcomponentofshearstress(whichmustcauserepeatedand
reversingslip).Ontheotherhandthepropagationofcracksbytension
wouldappeartodependontherepeatedapplicationofthemaximum
(alternatingplusmean)principaltensionstress.Henceasthemean
stressincreasespropagationofcracksbytensiontendstopredominate.

Theeffectofchangingthestateofstressfromthatproducedby
torsionthroughcombinedbendingandtorsiontobendingistodecrease
therelativemagnitudeoftheprincipalshearstresscomparedwiththat .
ofthelargestprincipalstress.Thishastheeffectofcausingan
earliertransitionfromsheartotensilepropagationofcracks,as
observed.

Thefactthatastheamplitudeofstressdecreasesintestsat
zeromeanstressthepropagationofthecrackschangesfromshearto
tensioneventhoughtheratiooftensiontoshearremains.constant
suggeststhattheconditionscontrollingthepropagationofcracks(or
perhapstherateofpropagationofcracks)bythetwomechanismsarenot
both~inearfunctionsof~hemagnitudeof
bysheermustbe
thantherateof

proportionaltoa higher
propagationofcracksby

RelationtoTheoriesand

8tiress.Propagationofcracks
poweroftheappliedstress
tension.

Obsenations

Theobservationthattheresultsoffatiguetestsundercombined
stressofmetalscomposedOfreasonablyconti~uouspolycrystalline
aggregateshaveneverbeenpredictedbythetheoryofa limitingprinci-
palstressbuthavebeenmorenearlypredictedbya theoryofa limiting
shearstressis in agreement with the observationthattheinitiation
offatiguefracturesisonshearplanes.Theobserveddeviationsfrom
thesheartheorymaybedueinparttothe-differencesinrateofcrack
propagationbyshearandbytension. —

.,

Ontheotherhandtheobservationthatfatigueofcastironsunder
cotiinedstressesismostnearlypredictedbythetheoryofa limiting .
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principalstressmayresultfromthefactthatthecastironscontain
largeinclusionsofsoftgraphiteflakes.Itseemsentirelypossible
thattheseinclusionsactascracksinthemetalfromwhich,undermany
statesofstress,thefatiguecrackspropagatedirectlyastension
fractureswithoutthepreliminarystageofslipendshearcracking
describedaboveformetalswhichdonotcontaintheseinternalcracks.

Theprinciplesdescribedabovemayalsoexplaintheobservation
reportedbySmith(reference42)thatthefatiguestrengthofmetals
(otherthancastiron)intorsionisnearlyindependentofthemean
stress(andhencethemaximumstress)whereascastironintorsionand
mostmetalsintensionarestronglydependentonthemeanstress(and
hencethemaximumstress).Thatis,intorsionthepropagationof
fatiguecracksislargelybyshearcracksandhencecontrolledbythe
alternatingshearstressexceptforcastironwherethepresenceof
internalcrackspermitspropagationoffatiguecracksasa resultof
therepeatedapplicationofthemaximum(alternatingplusmean)princi-
palstress.Inbendingthepropagationofthecracksincastironis
bythesamemechanismasintorsion.Inothermetalsinbendingthe
cracksareinitiatedasshearcracksbutpropagateastensioncracks
especiallyathighermeanstresseswherethemaximum(alternatingplus
mean)principalstressbecomespredominant.

RelationtoSurfaceResidualStress

Thistheoryoffatiguecrackingmayalsoexplainthephenomenonof
zonesofcompressivebiaxialresidualstressesblockingthepropagation
offatiguecracksintothezonesofcompressiveresidualstress.This
phenomenonhasbeenwidelyusedasa meansofimprovingthefatigue
strengthofmachinepartssubjectedtobendingortorsionrepeated
stress.

Allmea~ ofproducingcompressiveresidualstressesprobablyalter
thestruct~eofthematerialinthecompressivelystressedzone.This
alterationInthe~terialmay improve theresistanceofthematerial
tofatigue,thusinpartaccountingfortheobservedfact.However,
thearrestingofcrackpropagationinzonesofcompressiveresidual
stressmayalsobeexplainedbythemech~ismsofcrackpropagation
describedabove.Thealternatingshearstresseswhichhavebeendescribed
ascausingtheinitiationoffatiguefailureareindependentofthe
presenceofresidualstresses(ormeanstresses)ofanykind.

However,oncethecrackisinitiateditspropagationbya tension
crackwillnotoccurunlessrepeatedtensionstressesareapplied.In

& regionsofsufficientlyhighresidualcompressionstressestension
stresseswillnotoccur.Hencetheonlymechanismforcrackpropagation
availableisbyshear.

.
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Italsoseemsprobablethatthepresenceofcompressivestresses .

ontheplanesofmaximumshearstressessuchaswould.bethecasein”
regionsofcompressiveresidualstresseswouldraisetheshearstress

—

requiredforslipendwouldretardthedevelopmeritandpropagationof
.-_

cracksfromrepeatedslip.Thusevenintorsioncompressivebiaxial”
residualstressesonthesurfaceshouldbebeneficial,asobserved.

Itshouldbeacknowledgedatthispointthattheaboveanalysis
offatiguecrackingistentative,qualitative,andincompleteandhence
leavesmuchtobedesired.

—,

EFFECTOFMAXIMUMSTRESSONFATIGUESTRENGTH

If,asseemstobethecase,generalyieldingaffectsthefatigue .-
strength,thenitshouldperhapsbequestionedwhetherthefatigue
strengthshouldbeexpressedintermsofthemeanstress.Perhapsthe
maximumstresswouldbea morelogicalparameter.Thealternating
principalshearstressascorrectedforanisotropyhasbeenplottedas
a functionofthemaximumvalue(occurririgina.cycleofstress)ofthe
principalshearingstress(correctedforyielding).Thisisshownin
figure38forbendingandfigure39fortorsion.ThelimitOfproPortion-._
ality,yieldstrength,ultimatestrength,andfracturestressarealso
showninfigures38and/or39.

Itisevidentthattheregionofthesediagramsabovethediagonal
lineisunavailablefortesting,especiallyintorsion.Inbendingor
atleastforaxialloadingthisregionwouldbeavailableifthematerial
hada muchhigheryieldstrengthincompressionthenintension.Since
thisisnotthecaseforductilemetalsonecanonlyspeculateonthe
shapeofcurvesinthisregion.Pointsontheverticalaxiswouldrepre-
sentthefatiguestrengthofvirginmaterialunaffectedbystresses
whichmightcauseyieldingorotheralterationsofthematerial.

—

Thereasonforthedifferenceinshapeandslopeofthesecurvesfor
bendingandfortorsionmaybefoundinthemde offracturingin
fatigueasdiscussedaboveinthelightoftheobBervedfractures.In
thetorsiontestthefatiguecrackspropagatemostlybyrepeatedslip
UnderCyCliC shearing stress (or shearing strain) and themajoreffectof
anincreaseinthemaximumstressis to producea change inthestructure
ofthematerialespeciallywhenthemaximumstressproducesyielding.

Inbending,however,thereistheadditionalfactoroftension
stressesontheslipplaneswhichtendtochangethemecl&nismofcrack
propagationandperhapstoaccelerateit. Sincethemagnitudeofthe .
tensionstressincreaseswiththemaximumstressofthecyclewhereas
thealternatingshearstressisindependentofthemaximumstress,the
rateofcrackpropagationmaybegreaterathighermaximumstressesfor

.

bendingtests.Thusitseemsentirelypossiblethatbothanisotrophy
andthefactorscontrollingcrackpropagationmayinfluencetheresults.



NAC!ATNB24 35

. Thecurvesintheunavailableregionmaybeasshownbythedashed
linesinfigures38and39. Theseconsiderationsmightaccountatleast
inpartforthedivergenceobservedbetweenthetestdataandtheuncor-

. rectedprincipal-shear-stresstheory.Thevaluesofthealternating
stressatzeromeanstress(uncorrected)obtainedfromthetorsiontests
sreshownplottedinfigure38forbendingtestsasshortdashlineson
theverticalaxis.Thiscorrespondstoanassumptionthattheprincipal.....
sheartheorygovernsfatigueundertheseconditionsandthatthemax@um
stresshasnoeffectonthefatiguestrengthwithintheunavailableregion
ofthetorsiondiagram(fig.39). Itwasobse~edthatthevaluesfrom
thetorsiontestsareconsistentwitha possibleshapeofthedashed
curves(fig.38)forthebendingtests.

Whilethemsximumstressseemstobethemostlogicalparameterfrom
a theoreticalstandpoint,itisprobablethatfroma designstandpoint
themeanstressisthemoreusefulindescribingtherangeofstress
becauseoftheunavailableregioninthediagramofalternatingstress
againstmaximumstress.

CONCLUSIONS
.

Thefollowingconclusionsareobtainedfromaninvestigationof
. thecombined-stressfatiguestrengthof76S:T61ahiminumalloywith

superimposedmeanstressesandcorrectionsfor@elding.

1.A reviewofthestatusoftheproblemshowsthattheavailable
testdataunderty-pesofcombinedloadingsotherthanbendingsndtorsion
donoteliminatethelimitingshearstressasa possibletheoryof
fatiguefailureundercombinedstress.

2. Ifanisotropyisconsideredasaffectingtheresultsthen
fatiguetestsundercombinedbendingandtorsionareinadequateto
differentiatebetweensixofthetheories.Testsatotherstatesof
stressareneededtoseparatethesetheoriesandtotesttheapplica-
bilityofthetheoriesovera widerrangeofstatesofstress.

3. A morethoroughstudyoftheinfluenceofanisotropyonfatigue
undercombinedstressisneeded.

4.Theproposedtheoriesgoverningfatiguefailureundercombined
stresseswhichbestrepresentedthetestdataareasfollowsinorder
ofmerit:(a)principal shear stress (principalshearstrain,etc.)cor-
rectedforanisotropy,(b)completeGuestlaw,(c)principalstrain
correctedforanisotropy,(d)magnitudeofstate-of-stressvector,and

●

(e)totalstrainenergy.

--
--

—
.-—

—

.—

.
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5. Severalconsequencesofenergytheoriesarediscussedwhich
.

seemtoindicatethatenergytheoriesare.inadequatetodescribefailure
undercombined-bending-and-torsionfatiguewithsuperimposedstatic

.-.
stresses.Additionaltestsoftheadequacyofenergytheoriesare
desirable.

6. Inviewoftheinconsistenciesandlimitationsofseveralof
thetheoriesasdiscussedabovetheonlyonesofthetheorieswhich

.—

seemtoholdmuchpromiseareasfollows:(a)Principalshearstress
(orstrati)correctedforanisotropy,(b)completeGuest~aw~~d
(c)principalstraincorrectedforanisotr~y. —

7.Themeanstressinthestresscyclewasshowntohavea small
—

butimportanteffectonthefatiguestrength(measuredintermsof
stress)forthe76s-T61alumintialloytested;Ifstrainenergjwere
usedasa measureoffatiguestrengththemeanenergywouldhavea very
pronouncedeffect.

8.Thedataindicatethattheinitialfractureoccursasa shear
crack.

.
9. Thepropagationoffatiguecracksoccursbyeitheroftwo

mechanisms,a shearingdisplacementora tensionseparation,depending
onthestateofstressandthemagnitudeofthealternatingandstatic
stresses.

10.Theanalysispresentedsuggeststhattheeffectofthemean
stress(reallythemaximumstress)onthefatiguestrengthresultsfrom
twophenomenadistinctfromthefatigueprocess:(a)Themaximumstress
mayproduceelasticorplasticstructuralchangesinthematerialwhich
affectitsfatiguestrengthand(b)oneofthemodesofcrackpropaga-
tion(propagationbytensionseparation)isa functionofthemaximum
(alternatingplusmean)principalstress.Thuscracksonceformed
propagatemorerapidlyunderhighmean(i.e.,maximum)stresses.The
othermodeofcrackpropagationisapparentlydependentonthealternating
principalshearstressandthemagnitudeandsign ofthenormalstresson
theplaneoftheprincipalshearstress.

-..

DepartmentofTheoreticalandAppliedMechanics
UniversityofIllinois

Urbana,Ill.,July1, 1951

.

.
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APPENDIX

37

CORRECTIONOF

INWHICH

STRlH311SINBENDINGOR

PROPORTIONALLIMITWAS

TORSIONTESTS

EXCEEDED

Thealternatingnominalstressinthesetestsrequirednocorrection
because:(1)Thealternatingdeflectionappliedtothespecimenwasbased
onelasticbehaviorofthespecimenand(2)theunloadingcurvesfollowing
theinitialloadingandsubsequentloadingcycleswerenesrlyelastic.
(Seefigs.17and18.) Thustheonlycorrectionrequiredforbendingor
torsionwasthedeterminationoftheactualmaximumstress.Fromthis
themeanstresscouldbe determined.

Thecorrectionofthemaximumstressrequireda knowledgeofthe
maximumloadappliedtothespecimen.Sinceinthesefatiguetestsonly
themaximunandminimumdeflectionandtheelasticstiffnessweredeter-
mineditwasnecessarytopreparea calibrationcurveofloadagainst
deflectionfortheshapeofspecimenmd testconditionsemployedinthe
fatiguetests.Suchcues wereobtainedforbendingandfortorsion.
Allowancewasmadeforslightdeviationsofindividualtestconditions.

CorrectionsforBending

Thecorrectionemployedforbendingwasa semigraphicalprocedure
basedonanextensionoftheHerbertequationbyMorkovinandSidebottom
(reference~). Thestepsinvolvedwereasfollows:

Thestress-straincurveintensionwasfoundtobenearlythesame
asthatincompressionfortherangeofstrainemployedinthefatigue
tests.Sotheanalysiswasbasedonrelationshipsapplicableonlywhen
thestress-strainrelationwasthesameintensionandcompression.

Fromtwostatictensionandtwostaticcompressiontestsanaverage
stress-straincurvewasconstructedandthestressattheapparentpro-
portionallimitUe andthecorrespondingstrainGe wereobtained.
(Seefig.15.)

Fromthiscurvevaluesofstrainse andcorrespondingstressesu
wereselectedanddividedbytherespectivevaluesattheproportional
limitinordertoplota dimensionlessstress-straincurvesuchascurve1
infigure40. PointA istheproportionallimit.
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A dimensionlessmoment-straincuxvewas
theequationfromMorkovinandSidebottom

NACATN2924

thenconstructedbasedon
. -

(8)

whereM is theappliedbendingmoment,~ isthebendingmomentwhen
themaximumstrainisattheproportionall@it,and s istheslopeof
thedimensionlessstress-straincurveabovetheproportionallimitfora
materialinwhichthestress-straindiagramabovetheproportionallimit
isanotherstraightline.

Sincetheplasticstress-straindiagramforthisaluminum~lloywas
a curveabovetheproportionallimit,apoint-by-pointproceduredescribed
bySidebottominanunpublishedpaperwasernployedtoconstructthe
M/Me diagram.Bythisprocedurethestress-straindiagramuptoany
givenstresswasapproximatedbytwointersectingstraightlines,the
secondofwhichterminatedattherequiredstress‘1/ae andstrain
e~/ce.(Seefig.40.) ThepointofintersectionF (fig.40)formeda
new(apparent)proportionallimit.Inorderforthesimplifiedstress-
straindiagramtoproducethesameresistingmomentinabeamasthe
actual#tress-straindiagramthemomentof_theareaunderthestress-
straindiagramuptothegivenstressshouldhavethesanevalueabout-
theverticalaxisofthesimplifieddiagramasthatintheactualstr~ss-
straindiagram..Thiswasapproximatedinthepresentcalculationsby
makingtheareaenclosedbythetwostress-straindiagramsabovethe
straightlineequaltheareaenclosedbelow.Theerrorinvolvedwas
showntobenegligible.

Thecalculationsweresimplifiedbytheobservationsthatfor s = O
equation(8) becomes

(9)

.

.,.

.

.
,=.

.

.

.
—.-

.

.

—

.

.-

—.

“

.
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sothatequatio~(8)mayberewrittenas

M.I
where~

%/
isthebendingmoment

S=si
Si istheslo~eofthecorresponding

41i=l,2,3,...

39

(lo)

forthestressUi considered,

straightlinerepresentingthe
Ml

plasticpartofthestress-straindiagram,~ I isthebendingmoment
“%IS=o

correspondingtostressu+ obtainedfroma plotofequation(8)(curve
fig.~), and ~i’ is
ofpointF inorderto
lessdiagram(fig.kO)
coincidewithpointA.

Mi
Thevaluesof —

Me
tocorrectforthecha

the’correspondingstraindividedbytheabscissa
correctforthechangeinscaleonthedimension-
resultingfromthefactthatpointF doesnot

mustbemultipliedbytheordinatetopoint
S=si
geinscale.previousl.ynoted.Thesevaluesmay

thenbeplottedascurve3 infigure40.

Thecorrectedmaximumstressforanyspecimencanthenbeobtained
fromfigurebby determiningthedimensionlessbendingmomentM/&

2,

‘F

forthe-specimen-andlocati~thecorrespondingvalue~fthedimehs~onless
strainG/Cc fromcurve3,figure40. ThedimensionlessstressC/se
correspondingtothemaximumstressisthenfoundfromcurve1 atthesame
valueof ~/ce.Thedimensionlessstressajaemultipliedbythestress
attheproportionallimitUe givesthedesiredcorrectedstressu.

Themeanstressurnthenbecomes

am=a-oa

where~a isthealternatingstress.

(11)

Itshould~enotedthatthiscorrectionisprobablynotexactbecause ~
ofseveralsimplificationsfromactualmaterialbehavioramongwhichare:
Theyieldingwasprobablynothomogeneousorcontinuousandthespecimen

.
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.

shapeconfinedyieldingtoa smallregionwhichmayhavefurthercom-
plicatedthegeoinetryofplasticstraining;therateofstrainingin
thestatictestswasmuchslowerthantherateofstrainingduringthe

-
.—

firstloadapplicationinthefatiguetests.
..

CorrectionforTorsion

Theshearingstressatthesurfaceofa specimenwitha circular
crosssectionsubjectedtoa torqueT isgivenbythefollowing
equation(accordingtoNadaiinreference59)forstressabovethe
proportionallimit: .-

.-

;.—

—

3T+e#.
T=

2na3
(12)

,-

whereT isthecorrectedshearingstressand 8 isthea@e oftwist
perinchina sectionofconstantdiametera.

ThegraphicaltechniqueoutlinedbyNadaiinreference59foruse—.——
withthisequationwasemployed.Thistec~querequireda curveof
torqueagainstsingleoftwistofa cylindricalspecimenofcircularcross
section.Thegraphicalprocedurewasappli~dtothiscurvetodetermine
thecorrectedshearingstressattheextremefibercausedbya torqueT.

Fromtheresultsofthesecalculationsa correctedcurveofshearing
stressagainstshearingstrainwasconstructedasshownInfigure16,and
a curveofnominalshearingstressagainstcorrectedshesringstresswas
constructed.By~eam ofthelattercurvethemaximumstressT in
specimenstestedintorsionabovetheproportionallimit-wasdetermined.
ThecorrectedmeanstressTm fora givenalternatingstressTa was
thendeterminedbytheequation

Tm=T-Ta---

Itshouldbeobservedthatthesamelimitationsapplytothis
correctionprocedureasthosethatapplytothebendingprocedure.

(13)

*. —

.
—.

—.

-—

-.
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TABLEII
FATIr3mDATA
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(b)Fracturesfromcom.bined-bending-and-tors.ionfati~eat‘ero‘can : ~
stress,Highalternatingstre$s)9jlowalternatingstress>.10”
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.-.

theleftandlow,-ontheright.Zeromean:stress:
‘meanstress:13and14.
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